arXiv:hep-th/0512164v2 6 Jan 2006 


UUITP-21/05 
HIP-2005-50/TH 
YITP-SB-05-40 
NSF-KITP-05-106 

Generalized Kahler manifolds and off-shell 

supersymmetry 

Ulf Lindstr6m a,fc , Martin Rocek c , Rikard von Unge d , and Maxim Zabzine a,e 

a Department of Theoretical Physics Uppsala University, 

Box 803, SE-751 08 Uppsala, Sweden 

b HIP-Helsinki Institute of Physics, University of Helsinki, 

P.O. Box 64 FIN-00014 Suomi-Finland 

c C.N.Yang Institute for Theoretical Physics, Stony Brook University, 

Stony Brook, NY 11794-3840, USA 

d Institute for Theoretical Physics, Masaryk University, 

61137 Brno, Czech Republic 

e Kavli Institute of Theoretical Physics, University of California, 

Santa Barbara, CA 93106 USA 


Abstract 

We solve the long standing problem of finding an off-shell supersymmetric formulation for 
a general N = (2, 2) nonlinear two dimensional sigma model. Geometrically the problem 
is equivalent to proving the existence of special coordinates; these correspond to particular 
superfields that allow for a superspace description. We construct and explain the geometric 
significance of the generalized Kahler potential for any generalized Kahler manifold; this 
potential is the superspace Lagrangian. 


1 Introduction 


Recently general N = (2, 2) supersymmetric sigma models have attracted considerable 
attention; the renewed interest comes both from physics and mathematics. The physics 
is related to compactihcations with NS-NS fluxes, whereas the mathematics is associated 
with generalized complex geometry, in particular, generalized Kahler geometry, which is 
precisely the geometry of the target space of N = (2, 2) supersymmetric sigma models. 

The general N = (2, 2) sigma model originally described in £Q has been studied exten¬ 
sively in the physics literature. However, until now an N = (2, 2) off-shell supersymmetric 
formulation has not been known in the general case. At the physicist’s level of rigor, a 
description in terms N = (2,2) superfields would imply the existence of a single function 
that encodes the local geometry-a generalized Kahler potential. Geometrically the prob¬ 
lem of N = (2, 2) off-shell supersymmetry amounts to the proper understanding of certain 
natural local coordinates and the generalized Kahler potential. 

In the present work we resolve the issue of what constitutes a complete description of 
the target space geometry of a general N = (2, 2) sigma model. We show that the full 
set of fields consists of chiral, twisted chiral and semichiral fields. This was was a natural 
guess after semichiral superfields were discovered in |2j, and was explicitly conjectured by 
Sevrin and Troost [31; however, in {3], which contains many useful and interesting results, 
the erroneous conclusion that this is not the case was reached. 

The bulk of the paper is devoted to the proof that certain local coordinates for gener¬ 
alized Kahler geometry exist. From the point of view of iV = (2, 2) supersymmetry these 
coordinates are natural and correspond to the basic superfield ingredients of the model. 

The paper is organized as follows. In Section [21 we review the general N = (2,2) 
sigma model and describe the generalized Kahler geometry. Section 01 states the problem 
of off-shell supersymmetry and explains what should be done to solve it. In Section 0] 
we describe three relevant Poisson structures and their symplectic foliations, and identify 
coordinates adapted to these foliations. For the sake of clarity in Section 0 we start with 
a special case when ker[J + , J_] = 0. In this case we show that the correct coordinates 
exist and we explain the existence of the generalized Kahler potential. Next, in Section |E] 
we extend our results to the general case. Finally, in Section [3 we summarize our results 
and explain some open problems. 

Warning to mathematicians: Due to our background as physicists, we like to work 
in local coordinates with all indices written out. However, all expressions can be written 
in coordinate free form, except when we discuss the specific local coordinates in Sections [3 
and|ni however, even these local coordinates are merely a convenience, and an appropriate 
global reformulation of our results certainly exists. 
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2 Generalized Kahler geometry 


In this section we review the results on general N = (2,2) supersymmetric sigma models 
from the original work [I] (some of these results were found independently in jaUf). We 
define our notation and introduce some relevant concepts. 

We start from the general N = (1,1) sigma model written in N = (1,1) superfields 
(see Appendix A for our conventions) 

S ot J^d 2 ad 2 6 D + ^D_^(g^) + B^)) . ( 2 . 1 ) 

The action m is manifestly supersymmetric under the usual supersymmetry transfor¬ 
mations 

Me)^ = -Kt + Q+ + t~Q-W , (2.2) 

which form the standard supersymmetry algebra 

[^(eOAte,)]^ = ~2ze+e+<9^ - 2ie^d = ^ . (2.3) 

We may look for additional supersymmetry transformations of the form [T] 

h 2 (e)$^ = e + D+<& v J$. v {<f>) + e-D_<S> u J^(<S>) . (2.4) 

Classically the ansatz (Q is unique for dimensional reasons. The action m is invariant 
under the transformations flU provided that 



(2.5) 

and 


\7(±) p — p i p _ r±<7 p — n 

(2.6) 

where the two affine connections 


—-tv ± a' 1 " H 

L pu — L pv - 1 - y 11 crpu 

(2.7) 


have torsion determined by the field strength of B fW {<&): 

Hfipa = + B pc r iM + Bupp) . (2-8) 

Indeed the functional m can be rewritten in terms of an extension of H to a ball 
whose boundary is the surface £ modulo the usual arguments that apply to the bosonic 
WZW-term, namely [. H] G H 3 (M, Z). 
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Next we impose the standard on-shell N = (2,2) supersymmetry algebra: The first 
supersymmetry transformations m and the second supersymmetry transformations E3D 
automatically commute 

[«y 2 (ei),5i(e 2 )]^ = 0 • (2.9) 

The commutator of two second supersymmetry transformations, 

MeO.&te)]*' 1 = 2i£+e+a*4 A (jyjn)+2t e r€ 2 -a.4 i (nr A ) 

- J + ) - <:;-<? J-) 

+ 4)U%J-a - J^Kx)(d + d^ + r-> D t rflj'), 

( 2 . 10 ) 


should satisfy the same algebra as the first m, *-e., 

[5 2 (e 1 ),<f 2 (e 2 )]^ = -2 ie+e+d+V* - 2 ie^d = ^ . (2.11) 

In (12.101) . A f{J±) is the Nijenhuis tensor defined by 

KM = J AA\ + MA ■ < 2 - 12 ) 

The field equations that follow from the action m are 

D + D_^ + Y~£ D + $ p D_$ a = 0 . (2.13) 

The first two lines of eh are purely kinematical, he., are independent of the form of the 
action; the last line involves the held equations EH- and follows after imposing EH)- 
The algebra (IXTU1) is the usual supersymmetry algebra E3D when J± obey: 


JLJ±» = S p u , (2.14) 

N P nv{J±) = o ; ( 2 . 15 ) 

the last term in Emm must also vanish; this is automatic on-shell, he., when the held 

equations EH are satisfied. Thus the on-shell supersymmetry algebra requires that J± 
are integrable complex structures that preserve the metric; we may introduce the forms 
oj± = gj±, which are not closed, but satisfy 

Hfxvp — AJ± u J±p{d^±)Xa'i > (2-16) 

as follows from EI3). EH>- EH) and EH - 

This is the full description of the most general N = (2, 2) sigma model [Tj : The target 
manifold (M, g, J±, H) is a bihcrmitian complex manifold (he., there are two complex 
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structures and a metric that is Hermitian with respect to both) and the two complex 
structures must be covariantly constant with respect to connections that differ by the sign 
of the torsion; this torsion is expressed in terms of a closed 3-form that obeys dZED- 
This bihcrmitian geometry was first described in [I], Subsequently, a different geo¬ 
metric interpretation was given in 0, and more recently, following ideas of Hitchin .5], 
Gualtieri gave an entirely new description of this geometry in terms of generalized 
complex structures. This geometry is now known as generalized Kahler geometry. 

3 N = (2, 2) off-shell supersymmetry 

In the previous section, the field equations are needed to close the supersymmetry 

algebra. To write the model in a manifestly N = (2, 2) covariant form, the algebra must 
close off-shell. As can be seen from dZED, the algebra does close off-shell when the two 
complex structures commute P [J + , J-] = 0. In this case, both complex structures and 
the product structure II = J + J_ are integrable and simultaneously diagonalizable. The 
manifest N = (2,2) formulation is given in terms of chiral (</>) and twisted chiral (x) scalar 
superfields: 

D ±(p = O±0 = 0 

D+X = D-X = D+X = D_x = 0 , (3.17) 

where D is the N = (2, 2) covariant derivative. The N = (2, 2) Lagrangian is a general real 
function K((f),(j),x,X), defined modulo (the equivalent of) a Kahler gauge transformation: 
/(</>, x) + /(</>, x) + #(</>, X) + x)- This K serves as a potential both for the metric and 

for the antisymmetric -B-field. 

When [J + , J_] 7^ 0, additional (auxiliary) spinorial N = (1,1) fields are needed to close 
the algebra pi. HU- The semichiral N = (2,2) scalar superfields introduced in |2j give 
rise to such auxiliary fields when they are reduced to N = (1,1) superspace. A complex 
left semichiral superfield obeys 

D+X l = D+X l = 0 , (3.18) 

and a right semichiral superfield obeys 

B_X r = B_Xr = 0 . (3.19) 

For these multiplets, the N = (2, 2) nonlinear sigma model Lagrangian 1 is the real function 
K(Xl, Xl, Xr, Xr), defined modulo /(Xr) + /(Xr) + g(X R ) + g(X R ). Again, the function 

1 In 3, for simplicity, no chiral or twisted chiral multiplets are considered, and hence [J+, J_] is 
invertible. 
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K is a potential for the metric and the antisymmetric H-field [Sj. The target space has 
generalized Kahler geometry with [J + , J_] 7 ^ 0 T2] - However, before our work, it was not 
known if all generalized Kahler geometries with [J + , J_] 7 ^ 0 admit a description in terms 
of semichiral superfields. 

In [T2j , it is shown that the kernel of [J + , J_] is parametrized completely by chiral and 
twisted chiral fields. This does not answer the question of whether semichiral multiplets 
similarity give a complete description of the cokernel. The issue has been addressed, e.g ., 
in 0,0 and 0 . 

The general sigma model Lagrangian containing chiral, twisted chiral, and semichiral 
fields is a real function 

(3.20) 

defined modulo /(</>, y, X L )+g((p, y, X R ) + f((p, y, X L )+g((j), y, X R ). When there are several 
multiplets of each kind 2 , the fields carry indices 

a — 1... d c , y“',y a ', a' = l...d t , 

X a L ,Xl, a — 1 ... d s , X a R ,X%, a' — l ... d s . (3.21) 

We will also use the collective notation A := {a, a}, A! := {a',o;'}, A := {a, a} and 

A' ■= {a', a'}. To reduce the N = (2,2) action to its N = (1,1) form, we introduce the 

N = (1,1) covariant derivatives D and extra supercharges Q: 

D± = B± + D± 

Q± = *(0± - D±) • (3.22) 

In terms of these, the (anti)chiral, twisted (anti)chiral and semi (anti)chiral superfields 
satisfy 


Q±(j) = J c D±(j) , Q±x = ±J t D±x , 

Q+Xl = J s D+X l , Q_X r = J s D^X r , (3.23) 


where the collective notation is used in the matrices, and where J c , J t , and J s are 2 d c , 2 d t , 
and 2 d s dimensional canonical complex structures of the form 


J = 




(3.24) 


2 To be able to integrate out the auxiliary N = (1,1) spinor superfields, we require an equal number of 
left and right semichiral superfields and X/j. 
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For the pair (</>,%) we use the same letters to denote the N = (1,1) superfields, i.e., the 
lowest components of the N = (2, 2) superfields (0, y). Each of the semi (anti)chiral fields 
gives rise to two N = (1,1) fields: 


X L = X L \ ^ l _ = Q_X l I 

Xr = X R \ = Q + Xij| , (3.25) 

where a vertical bar means that we take the 9 2 oc 9 — 9 independent component. The 
conditions ED then also imply 


Q+^l- = JsD + ^! L - , Q-^l- = -id = X L 

Q-^r+ = J s D-^r + , Q + \I / k + = —iO^Xr . (3.26) 


Using the relations (13. 2 21) - (13.261) we reduce the N = (2, 2) action to its N = (1,1) form 
according to: 


J d 2 £d 2 6d 2 6 K(cj) A ,x A ',X£,X%)\ = J d 2 £© 2 D 2 /i| 


Provided that the matrix 


- l - J d 2 £D 2 Q + Q_K\ . (3.27) 


Klr 


K a b' X a y 
X-ab' Xg]}i 


(3.28) 


is invertible, the auxiliary spinors may be integrated out leaving us with a 

N = (1,1) second order sigma model action of the type originally discussed in |Tj. In 
(ET2H1) we use the following notation K a b = d a dbK etc. From this the metric and anti¬ 
symmetric 5-field may be read off in terms of derivatives of K, and from the form of the 
second supersymmetry the complex structures J± are determined. In a basis where the 
coordinates are arranged in a column as 


( xt \ 

X% 
(j) A 
\ X A ' 


(3.29) 


and introducing the notation 


(suppressing the hopefully obvious index structure) 


Kll = (K rl )-\ 
C = JK-KJ 


0 2 iK 

-2 iK 0 


6 








A = JK + KJ — 




the complex structures read Tj 


( Js 


J+ = 


KrlC ll 

0 

0 


KrIJ s k lr 

0 

0 


Kr L C L c 

Jc 

0 


0 

KrICu 

0 

Jt 


\ 


and 


{ K7lJ,K 


J_ = 


0 

0 

0 


RL 


KTlC : 


lr^RR 

Js 

0 

0 


KrhC. 


LR^Rc 

0 

0 


E L R^Rt \ 
0 
0 

-Jt 


(3.30) 


(3.31) 


(3.32) 


where, e.g., Kr c is the matrix of second derivatives along R- and c-directions, etc. In 
Sections 0 and IHl where we rederive these expressions from geometrical considerations, we 
explain the notation in greater detail. 

Finally, we compute the N = (1,1) Lagrangian; the sum E = |(g + B) of the metric 
g and A-held takes on the explicit form: 


E ll 

= 

CllKlrJsKrl 

Elr 

= 

J S E lrJ s + CllKrrCrr 

Elc 

= 

Elc + Js El c Jc + CllE lrErc 

E u 

= 

—K L t — J s K L tJt + E llEJrAj 

Erl 

= 

—ErlJ s E L rJ s Kr L 

Err 

= 

— KrlJ s K lrCrr 

Er c 

= 

Er c - KrlJsE^rCrc 

E R t 

= 

—ER t — K RL J s E L l R A m 

E c l 

= 

CclEJrJsKrl 

E cR 

= 

J C K c rJ s + C c lE rr Crr 

E cc 

= 

E C c + JcK cc Jc + C c lE L rCrc 

E c t 

= 

—E c t — JcEctJt + C C LE LR AR t 

EtL 

= 

C tL E- L x R J s K RL 

EtR 

= 

JfEtRJs + C t .LE LR CRR 

Etc 

= 

Etc + JtEtcJc + CtLElRCRc 

E tt 

= 

-K tt - J t E tt Jt + Ct L E~ L l R A R t 
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It is interesting that there are no corrections from chiral and twisted chiral helds in the 
semi chiral sector (where the results agree with [2] and |EJ), whereas in the chiral and 
twisted chiral sector the semichiral fields contribute substantially. 

Thus locally all objects ( J±, g, B) are given in terms of second derivatives of a single 
real function K. By construction, the present geometry is generalized Kahler geometry 
and therefore satisfies all the relations from the previous section. In the rest of the paper 
we show that (locally) any generalized Kahler manifold has such a description. 

4 Poisson structures 

In this section we describe three Poisson structures that arise in generalized Kahler ge¬ 
ometry. We study these Poisson structures as we will use local coordinates adapted to 
their foliations. Since the Poisson geometry is rather a novel subject to some physicists, 
we collect some basic facts in Appendix C. 

We start with the two real Poisson structures 

7i ± = (J+ ± J^g- 1 = -g~\J + ± J-Y , (4.34) 

which were introduced in [2j and later rederived by Gualtieri ||. We can choose local 
coordinates in a neighborhood of a regular point of 7 r_ such that 3 

= 0 , (4.35) 

where A label the coordinates along the kernel of 7 r_; using (Oil . in these coordinates 
the complex structures obey 

Jfu = J-u • (4-36) 

Repeating the same argument for 7 r + we get 

J+ v = -J* v , (4.37) 

where A' label the coordinates along the kernel of i r + . Moreover, as the combinations 
( 7 r + ± 7 r_) oc J± are nondegenerate, the Poisson brackets defined by n + and 7 r_ cannot 
have common Casimir functions 4 which parametrize the kernels of 7T±. This means that 
the directions A and A' do not intersect and we can choose coordinates where both the 
relations ra and hold 0 . We denote the remaining directions by A and A 

3 A regular point xq of a Poisson structure n is a point where the rank of n does not vary in a 
neighborhod of xq; see Appendix C. 

4 Casimir functions give the coordinates along which a Poisson structure is degenerate; see Appendix C. 






(for the moment, we do not distinguish A and A'). Thus we have shown that there exist 
coordinates, labeled by /i = (A, A', A, A'), where 


(* 

* 

* 

* ^ 


( * 

* 

* 

* 

\ 

* 

* 

* 

* 

, J_ = 

* 

* 

* 

* 


0 

0 

Jc 

0 


0 

0 

Jc 

0 


V o 

0 

0 

Jt / 


V 0 

0 

0 

-Jt 

/ 


(4.38) 


and where J c , J t are canonical complex structures defined as in (13.2411 . The existence of 
these coordinates was originally shown in El Using Poisson geometry this result is red¬ 
erived in J\. We can thus choose local coordinates adapted to the following decomposition 


ker( J + — J_) © ker( J + + J_) © coker[J + ,,/_] , (4.39) 


where we use the property 

[J + , J_] = (J + - J_)(J+ + J_) = ~(J+ + J_)(J + - J_) . (4.40) 

Another important Poisson structure 

a = [J + , (4.41) 

was introduced in US]. It is related to the real Poisson structures flPD : 

a = ±(J+ © J~)n± = t(J+ ± </-)tt t . (4.42) 

The identity dUQD implies a relation between the kernels of the three structures 

ker a = ker n + © ker 7r_ . (4.43) 

The symplectic leaf for cr is coker[J + , J_], The Poisson structure cr satisfies J±crJ± = —o\ 
this implies that in complex coordinates with respect to either J±, 

a = a (2 ’ 0) + a (0,2) , (4.44) 

which implies that the real dimension of the symplectic leaves for a is a multiple of 4 (this 
was first proven in [3]). Indeed, cr can be interpreted as the (2,0) + (0,2) projection of 
e.g., 7T_|_, with respect to either J = J±: 

(1 ± iJ)a( 1 ± ijy = ©2f(l ± f J)7T + (1 ± fJ) f . (4.45) 

It turns out that cr^ 2,0 ' is actually a holomorphic Poisson structure [TH] : 

8a {2 ’ 0) = 0 , (4.46) 

As discussed above CTD , we have established that along the kernel of cr, complex 
coordinates can be simultaneously chosen for both J + and J_. Using the properties of the 
cokernel of cr, in particular (14.4414.461) . in the next two sections we find natural coordinates 
along the symplectic leaf of cr as well. 
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5 Structure of coker [J+, J_] 


To simplify the argument, we first consider the special case when ker[J + , J_] = 0 on M 
and cr is thus invertible; this implies d c = d t = 0, and the complex dimension of M is 2 d s . 
Since a is a Poisson structure, the two-form 5 


O = cr 


—i 


(5.47) 


is closed dfl = 0; it also satisfies J±VLJ± = —fh Choosing complex coordinates with 
respect to J + , 


( i 

0 

0 

° ^ 


0 

—i 

0 

0 

_( Js 0 

0 

0 

i 

0 

_ v 0 Js 

V o 

0 

0 

-* / 



= 


we decompose the symplectic form O into its (2,0) and (0,2) parts |I] 


(5.48) 


n = fit 2 ’" 1 + A 0,21 


(5.49) 


Then dVl = 0 implies 

aof 0) = o, 8nf 0) = o, (5.50) 

and its complex conjugate expressions with d (d) being a holomorphic (antiholomorphic) 
differential. Thus 0+’°^ is a holomorphic symplectic structure and according to Darboux’s 
theorem we can choose coordinates { q a , q a ,p a ,p a }, a — 1... d s such that 

f4 2 ’ 0) = dq a A dp a , (lf 2) = df A df . (5.51) 


These coordinates are compatible with (15.481) : the choice of which coordinates we call q 
and which we call p is called a polarization. 

Alternatively, we can choose complex coordinates with respect to J_; then we have 
fl = and fik 0 " 1 is again a holomorphic symplectic structure. Thus we can 

introduce the coordinates {Q a ', Q a> . P a , P a } a 1 — 1... d s such that 

= dQ a ' A dP a ' , 0(°’ 2) = dCf A dP"’ . (5.52) 


In these coordinates J_ has the form 


/ i 0 0 0 \ 

0 -i 0 0 

0 0 i 0 

\ 0 0 0 -i ) 


J s 0 \ 
0 J s ) 


(5.53) 


5 This two-form was introduced in |3|; however the authors erroneously concluded that there exist 
obstructions to the existence of the coordinates that make 12 constant. 
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The coordinate transformation {q,p} —*■ {Q, P} preserves hi, and hence is a canonical 
transformations (symplectomorphisms). A canonical transformation can always be de¬ 
scribed by a generating function K that depends a (^-dimensional subset of the “old” 
coordinates {q,p} and a (4-dimensional subset of the “new” coordinates {Q, P} (see, e.g ., 
(EZD- For simplicity, we choose our polarization such that the generating function K de¬ 
pends on the “old” q and the “new” P coordinates; it is a theorem that such a polarization 
always exists na 

Thus in a neighborhood, the canonical transformation is given by the generating func¬ 
tion K(q, P ) 


dK 


p = 


Q = 


dK 


(5.54) 


dq OP 

We now calculate J+, J_ and fl in the “mixed” coordinates {q, P}. Consider J + . In {q, P} 
coordinates J + is given by 


T _ f d(q,p ) 
+ \d(q,P) 

The transformation matrix is given as 


d(q,p) 


1 0 

dp dp 
dq dP 


d(q, P ) 

where in complex coordinates we have 
I<ll = 



Js o 

0 J, 


9(q,p) 

d(q,P) 



K L r = 




(5.55) 


(5.56) 


(5.57) 


and we have anticipated our identification the generating function K(q, P ) with the action 
K(Xl,Xr) by introducing the labels R, L. We find 


J+ = 


-KrlKll 


k r I 


Js 

0 



Js 


IK 1 


Cr 


RL^LL 


KrlJsKlr 


(5.58) 

where K LR and Cll are defined in (EOT! in terms of second derivatives of the generat¬ 
ing function K. Thus in the coordinates {q,P}, J + is given by (15.581) . Identifying the 
generating function K(q , P ) with the action K(Kl,~Kr), this result coincides with the one 
we get from the semichiral sigma model HE] (c.f. (EED with no chiral or twisted chiral 
fields.). 

Next we calculate J_ in {q, P} coordinates 


J_ = 


d{Q,P) 

d{q,P) 


-i 


0 \ ( d(Q,P) 

Js )\ P) 


(5.59) 
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where 


8(Q,P) _( g § 

8(q, P) 


d 2 K a 2 K 


_ dq dP _ dqdP dPdP — 


0 


0 


KrL k-RR 
0 1 


(5.60) 


K a 'b' R-a'b 1 

Ka'b' Ka'b' 


In complex coordinates K RL = (KlrY defined as in (15.5711 and Krr is 

&rr = 

Thus we can rewrite ( EH ) as 
J_ = 


(5.61) 


Kvl -K7lK 


L LR 

0 


lr 1x RR 

1 


Js o 

0 J, 


&rl Krr 
0 1 


K^J s K rl K- l ^Crr 

0 J s 

(5.62) 

where Crr was defined in (15.301) . Once more, we have reproduced the semichiral expression 
(c.f. (EH). 

Finally O in coordinates ( q, P) is given by 


n = 


0 Klr 

— &RL 0 


(5.63) 


In these coordinates the metric g is given by 3J 

g = n[J +1 J-} 


(5.64) 


and this is the same as from semichiral considerations. 

Thus we have shown that the metric can be expressed in terms of second derivatives of a 
single potential K. However, unlike the case of standard Kahler geometry, the metric is not 
linear in the derivatives of K. It is natural to refer to K as a generalized Kahler potential. 
This potential has the interpretation simultaneously as a superspace Lagrangian and as 
the generating function of a canonical transformation 6 between the complex coordinates 
adapted to J + and the complex coordinates adapted to J_. 

Furthermore, recalling that we have assumed ker[J + , J_\ = 0 throughout this section, 
the form (n( 2 ’ 0 )) ds is nondegenerate and defines a holomorphic volume form. Thus this is 
a generalized Calabi-Yau manifold H], 

Finally, one may wonder if there actually exist examples where ker[J + , J_] = 0. The 
work of |2] provides a local example in four-dimensions; in arbitrary dimensions, one can 
consider hyperkahler manifolds: 

6 This situation was found previously for N = (4,4) hyperkahler sigma models described in projective 
superspace m 
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Theorem 1 A generalized Kdhler manifold with the anticommutator of J + and J_ con¬ 
stant, i.e., { J + , J_} = cl, is a hyperkahler manifold whenever |c| < 2. 


Proof: Using (USD, the proof is straightforward in local coordinates. Alternatively one 
can observe that B = h2{J + , </_} j3], and hence the torsion, which is proportional to dB , 
vanishes. The explicit complex structures of the hyperkahler manifold can be chosen as: 


I=J+, J 



K = IJ . 


(5.65) 


The construction we have presented can be applied to the hyperkahler case with a new 
generalized Kahler potential. Indeed from the condition {J + , J_} = cl, we get a partial 
differential equation for K in the hyperkahler case. In [3] it has been pointed that in four 
dimensions, for c = 0, this is the Monge-Ampere equation. 


6 General case 


We now turn to the general case with both ker([J + , J_]) and coker([J + , J_]) notrivial. 
Essentially, we have to combine the arguments presented in the two previous sections. 

We assume that in a neighborhood of xq, the ranks of tt± are constant, and as result, 
the rank of a is constant. We work in coordinates adapted to the symplectic foliation of 
a. Combining the notations from previous sections, we can chose coordinates {q,p,z,z'} 
in which J + has the canonical form 


( Js 

0 

0 

0 ^ 

0 

Js 

0 

0 

0 

0 

Jc 

0 

V o 

0 

0 

Jt) 


( 6 . 66 ) 


where we use the notation fl32U). The coordinates z and z' parametrize the kernels of 7T=p, 
respectively. Thus {z, z'} parametrize the kernel of a and {q,p} are the Darboux coordi¬ 
nates for a symplectic leaf. On a leaf the symplectic form is given by (153T1) . Alternatively 
we can choose the coordinates {Q, P, z, z!} in which J_ has a canonical form 7 


/ Js o 0 0 \ 

0 J s 0 0 

J_ = 

0 0 J c 0 

0 0 0 -J t ) 

'We chose signs that are consistent with the sigma model results. 


(6.67) 
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Again (Q, P) are the Darboux coordinates on a leaf with the symplectic form given by 
(15.5211 . If we fix a leaf (he., put (z, z') to a fixed value) then we can apply the discussion 
from Section 0 Thus we can choose new coordinates {q, P}) along a leaf in a neighborhood 
of (g 0 , Pd) ( see the discussion of the existence of these coordinates in Section |3J). There 
exists a generating function K such that the relations dESH) are satisfied. This argument 
can be a applied to a single leaf. If we change to another leaf then we get another gener¬ 
ating function. Thus in a neighborhood of Xq we have a family 8 of generating functions 
K(q, P, z, z') such that 


dK 


P = 


Q = 


dK 


( 6 . 68 ) 


dq dP 

is satisfied. With this definition, K(q, P, z, z') is defined up to the addition of an arbitrary 
function f(z, z r ). 

Now we can calculate J± in the coordinates {g, P, z, z'}] the complex structure J + is 


J+ = 


d(q,p, z, z') 
d(q, P, z, z') 


-l 


The transformation matrix is given as 


d{q,P,z,z') 
d(q, P, z, z') 


( 


1 

dp 

dq 

0 


0 0 


dp 

dP 

0 

0 


dp 

dz 

1 

0 


/./, 

0 0 

0 ^ 


0 

Js 0 

0 

( d(q,p,z,z')\ 

0 

0 J c 

0 

\d(q,P,z,z')J ' 

V 0 

0 0 

Jt y 1 


0 \ 


(i 

0 0 0 \ 

dp 


d 2 K 

d 2 K d 2 K d 2 I< 

dz' 

— 

dqdq 

dPdq dzdq dz'dq 

0 


0 

0 1 0 

1 J 


1° 

0 0 1 ) 


(6.69) 


/ 1 

K ll 

0 

V o 


0 

I<lr 

0 

0 


0 

I<Lc 

1 

0 


0 \ 

K u 

0 

1 / 


I<Lc = 



K a 

K- n 


K Lt = 



P^aa! 

A atyl 


where in complex coordinates Kll and Klr were defined in (15.5711 and 


(6.70) 


(6.71) 


8 One may wonder if the dependence of K on z and z’ is smooth; this is necessary to write the coordinate 
transformation to {q, P, z, z'j. The existence of these coordinates follows from Arnold’s result {T7j . 
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Next using (16.6911 and (EH5D we calculate J. 


f Js 0 0 0 \ 

KrlC ll K R lJ s K LR K~ r IC Lc K R \C Lt 
0 0 J c 0 

V o o o J t 


(6.72) 


where all of the C matrices are defined in (13.3011 . This is exactly the same expression one 
gets from the sigma model considerations (EED - 

Similarly, we calculate the form of J_ in {q, P, z, z'} coordinates: 


J_ = 


a(Q, p , z, z') 
d(q, P, z, zf) 


J_ = 


V LR 


\ 


0 

0 

0 


( Js 

0 

0 

0 ^ 




0 

Js 

0 

0 

(d(Q,P, 

z, 

*') 

0 

0 

Jc 

0 

V 9(q, P, 

z, 

z<) 

V 0 

0 

0 

-Jt y 1 




KZrC 

HR 

— 

h-LR^Rc K LR-^Rt 

\ 


-Js 



0 

0 



0 



Jc 

0 


5 

0 



0 

-Jt 

) 



(6.73) 


(6.74) 


where again the C and A matrices were defined in (13.3011 and I\ Rc and I\ Rt are 


K Rc = 


K-a'a K a 'a 
Ka'a d a / ,, 


I<m = 


J^a'a' a 'a' 

a'o! 


(6.75) 


This is exactly the same expression one gets from the sigma model (iTm 

We now consider the metric; in the coordinates {q, P, z, z'}, the metric has a form 


9 = 


( 9ab Qab' 9ab 9ab' \ 

9a'b 9a’b’ 9a'b 9a'b' 

9ab 9ab' 9ab 9ab' 

\ 9a'b 9a'b' 9a'b 9a'B' ) 


(6.76) 


The definition gup of the Poisson structure a determines all the components of the metric 
g except those along the kernel of a: 9 ABi 9AB' i 9A'B■> 9A'B' j this matches the ambiguity in 
the generating function K(q, P, z, z') noted below (16.68(1 . The remaining components of 


the metric can be expressed in terms of the second derivatives of K(q, P, z, z 1 ) using the 
relation era : 

yyyy p (co + ) A „ = ■ (s.77) 
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This is obvious in the Kahler case (J + = </_), and was shown to be true whenever the 
[J + , J_] = 0 in [Ij. In the general case, we argue as follows: choosing the local coordinates 
( q,P,z,z' ) we can plug the complex structures (16.721) and (16.741) into (16.771) . After this 
the relation (157771) becomes a first order partial differential equation for the metric g. 
The differential equation contains the derivatives of K . However, we know a solution 
for g (which is indeed expressible completely in terms of the second derivatives of K): 
it is precisely the expression derived from the sigma model (see the expression for E in 
Section 01). Similarly, (12.161) can be used to determine the 2-form B in terms of the second 
derivatives of K. 

Thus we have established the existence of a generalization of the concept of a Kahler 
potential for generalized Kahler geometry. It is natural to refer to this function as a 
generalized Kahler potential. Of course, as we found in the previous section, the second 
derivatives of the generalized Kahler potential appear nonlinearily in the metric. 

7 Summary and discussion 

We have resolved the long standing problem of finding manifestly off-shell supersymmetric 
formulation for the general N = (2, 2) sigma model. We have shown that the full set of 
fields which is necessary for the description of general N = (2,2) sigma model consists of 
chiral, twisted chiral, and semichiral fields. At the geometrical level this implies important 
results about the generalized Kahler geometry, in particular the existence of a generalized 
Kahler potential. Thus for generalized Kahler manifold all the differential geometry can 
be locally encoded in a single real function. We have presented a geometrical proof of this 
which is essentially independent of sigma model considerations. The only assumption we 
made was the regularity of the Poisson structures ti± in a given neighborhood; presumably, 
continuity allows one to relax this assumption in most cases of physical interest. In general, 
it would be interesting to go beyond this assumption; this would require the full apparatus 
of Poisson geometry, in particular a study of the transversal Poisson structures around xq. 

It follows that one can now discuss the general N = (2,2) sigma models entirely 
within the powerful N = (2, 2) superfield formalism. In particular such problem as finding 
quotients of generalized Kahler manifolds can be studied in all generality in this formalism. 
We plan to come back to this elsewhere. 

From the mathematical point of view, it would be interesting to systematically study 
the first order PDE for the metric that arises from the equation (15777ft . Taking into 
account the discussion in Section [71 we seem to have some new tools with which to study 
hyperkahler manifolds. 
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A N = (1,1) supersymmetry 

In this and the next appendix we collect our notation for N = (1,1) and N = (2,2) 
superspace. In our conventions we closely follow [l9l . 

We use real (Majorana) two-component spinors Spinor indices are 

raised and lowered with the second-rank antisymmetric symbol C a p, which defines the 
spinor inner product: 


Cap = ~Cp a = -C# , C + _ = l, ^ a = ^Cpa, ^ = C a % . (A.l) 


Throughout the paper we use (-H-, =) as worldsheet indices, and (+, —) as two-dimensional 
spinor indices. We also use superspace conventions where the pair of spinor coordinates 
of the two-dimensional superspace are labelled 9 ± , and the spinor derivatives D± and 
supersymmetry generators Q± satisfy 


D\ = , D 2 _ — id = , {£>+,£>_} = 0, 

Q± = >D_ + , 


(A.2) 


where d = do ± d\. The supersymmetry transformation of a superfield $ is given by 


= -i(e + Q+ + e~Q-)$ 


= ( e + D + + e'D_)$ - 2 i(e + 6 + d^ + e-0-d=)$ . 


(A.3) 


The components of a scalar superheld are dehned by projection as follows: 


$| = X , £>±$1 = i/j± , £> + D_$| = F , 


(A.4) 


where the vertical bar | denotes “the 6 = 0 part”. The N = (1,1) spinorial measure is 
conveniently written in terms of spinor derivatives: 



(A.5) 
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B AT = (2, 2) supersymmetry 


In N = (2,2) superspace, we have two independent N = (1,1) subalgebras with spinor 
derivatives D ] a , D 2 t : we define complex complex spinor derivatives 

B„ = l (Di + iDl), D a = l -(Dl-iDl) (B.l) 

which obey the algebra 

{D+,D + } = id ^ , {B_,B_} = id = , 

{D a ,%} = o, {d q , n))^} = o. 

These can be written in terms of complex spinor coordinates: 

Oi = d± + l -e±d ± , D± = d ± + . (B.3) 

In terms of the covariant derivatives, the supersymmetry generators are 

Q q = iB Q + 9 l3 d a /3 , Q q = iB a + 9 l3 d a 0 . (B.4) 

The supersymmetry transformation of a superfield $ is then defined by 

h$ = z(e Q Q a + ^Q a )$ . (B.5) 

Irreducible representations of IV = (2, 2) obey constraints that are compatible with the 
algebra (IB. 21) : for example, a chiral superfield (]□)-)_$ = 0) has components defined via 
projections as follows 


$| = X , B±<E>| = V’± , B + B_$| = F , (B.6) 

and a twisted chiral superfield (B + y = B_y = 0) has components: 

x\ = A , B^xl = , B_y| = t/L , B+B_x| = F , (B.7) 


The N = (2, 2) spinorial measure is conveniently written in terms of spinor derivatives: 


J d 2 9d 2 9 C = (B + B_B + B_£) 


(B.8) 


C Poisson geometry 

A (d-dimensional) manifold M is Poisson if it admits an antisymmetric bivector 7r G A 2 TM 
that satisfies the differential condition 

n^d„n pa + TT pv d u 7T ap + 7T au d u TT pp = 0 . (C.l) 
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If 7 r is invertible, 7 r 1 is a symplectic structure. The bivector n defines the conventional 
Poisson bracket 

{/,<?} = t r(df,dg) = ^d,fd v g , f(x),g(x) G C°°(M) , (C.2) 

which is a bilinear map C°°(M) x C°°(M ) —■> C°°(M). Because of (1C.ID . the Poisson 
bracket (Q has the ordinary antisymmetry property and satishes the standard Leibnitz 
rule and Jacobi identity. 

Next we recall that (locally) a Poisson manifold admits a foliation by symplectic leaves. 
Let M be a Poisson manifold with the Poisson structure /z, v = 1,2, choose a 
point xq such that in its neighborhood rank( 7 r) — n is constant. Such a point is called 
regular . 9 

A vector held is locally Hamiltonian if it can be written as the contraction of the 
bivector 7 r with a closed one-form e (locally e = df for some function /). The Lie bracket 
of two locally Hamiltonian vector fields is again locally Hamiltonian: 

for v\ = 7 ^ v d v f A , ( C va v b Y = v A d u v^ - v v B d v v^ = tt m p d p ((^/b)7t i ' a ( 5 a / a )) . (C.3) 

The maximum number of linearly independent locally Hamiltonian vector fields in the 
neighborhood of a regular point Xq is clearly n = rank( 7 r); then Frobenius theorem implies 
that the vector fields locally generate an integral submanifold S through x 0 , and it is always 
possible to introduce the local coordinates x M = { x A ,x *}, A — 1 ,..., n, i — n + 1, ...,d 
in the neighborhood of Xo such that S can be described by x l = constant and x A are 
the coordinates on S. The restriction of the Poisson bracket to the functions on the 
submanifold S is again a Poisson bracket, and is indeed a nondegenerate Poisson structure 
on S. As a result, in the coordinates x M x*}, 7 r has the following form 



Since tt ab = 77(5 is nondegenerate, it is the inverse of a symplectic structure on S, and 
thus the Poisson manifold is foliated by symplectic leaves. In a generic coordinate system, 
there is a locally complete set of d — n independent Casimir functions {fi(x)} of 7 r which 
have vanishing Poisson bracket with any function from C°°(M.). In these coordinates the 
symplectic leaves are determined locally by the conditions /*(x) = constant. 

For further details on the Poisson geometry the reader may consult the book (2D:. 

9 In general, a non-regular Poisson manifold has singular points where the rank jumps 123 - We do not 
discuss these points and their neighborhoods here. 
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